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Abstract 

The string-black hole correspondence is considered in the context of the corre¬ 
spondence principle proposed recently by Horowitz and Polchinski We demon¬ 
strate that the entropy of string states and the entropy of a Schwarzschild black 
hole can be matched including the subleading terms which depend on mass loga¬ 
rithmically. We argue the necessity to include the string interaction (with coupling 
g) in the consideration and propose the ( 7 ^-dependent modification of the string en¬ 
tropy. The matching of it with the entropy of Schwarzschild black hole is analyzed. 
We also discuss a possible scenario when the entropy of a Schwarzschild black hole 
appears entirely as effect of the interaction. 
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An intriguing idea proposed by Susskind is to identify the states of a black hole 
with the highly excited states of a fundamental string. A heuristic argument in support 
of this suggestion is that the number of states for both the hole and the string grows 
rapidly as a function of mass; and as the string coupling increases, the size of a string 
state becomes smaller than its Schwarzschild radius, hence any such state must collapse 
to form a black hole. Recently, remarkable progress has been made towards establishing 
this correspondence for an extreme black hole: the relevant string states are BPS states 
characterized by charges identical to those of the extreme black hole [^. Their entropy 
is then identical to the Bekenstein-Hawking entropy dehned by the horizon area P| (see 
review in 0). 

The attempt to extend this correspondence to non-extreme black holes i, i, i, 
IP] runs into an obvious problem: the number of states of the black hole grows as 
while that of the string as . To resolve this discrepancy, Horowitz and Polchinski 
IPI have recently proposed a correspondence principle: the entropy of string states and 
the black hole entropy should be matched only for a single (critical) value of the string 
coupling g = Qcr, for which the string size becomes of the order of the Schwarzschild 
radius. Therefore, varying the coupling g from zero to gcr we travel from the free-string 
phase to the phase of the collapsing strings which ends by the formation of the hole. 

In this note we make a few comments regarding the string-black hole correspondence 
for Schwarzschild black hole and, in particular, arrive at a conclusion that black hole 
states can be naturally identihed with the states of perturhatively interacting string rather 
than with the free states. 


We start with considering a free string. The number of its states at the excitation 
level N is given by §] 


d{N) = e 



( 1 ) 


where c is the effective two-dimensional central charge, while mass of the excitation is 


Mf 



( 2 ) 


where Ig is the string size, Ig ~ vcP- The exponent B in (^) is universally related to 
Dj_, the effective number of space-time dimensions for transverse string oscillations (or. 
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equivalently, the number of uncompactified bosonic degrees of freedom in the worldsheet 
CFT [0): B = + D^). We have i? = ^ for bosonic string and i? = ^ for type-II 

superstring and heterotic string. 

Dehne a macroscopic state of the string system by hxing the mass Mg (or, equivalently, 
N in accord with (^). Then it is realized by d{N) microstates of the string with the 
entropy 

Ss = In d(N) = 27 r./^\/iV - Bln N 
V 6 

= 27i^{lgMs)-2B\n{hMg) , (3) 

where in the last line we have used (^. We see that the subleading term in (|l|) gives rise 
to a subleading term in the string entropy (|^) which depends on mass logarithmically. A 
natural question arises if there exists an analogous term in the entropy in the black hole 
phase? 

A black hole in string theory arises as a solution of the low-energy action which can 
be isolated as the lowest order term in the expansion 

= -leb iL + L -0 - 

where G = g^tl is the string induced gravitational constant, the Planck distance Ipi 
is dehned as G = Ipi- A^j,, ...) is the Lagrangian for the (super) multiplet of 

matter helds appearing in the low-energy approximation. Other terms ( {glsY^) in the 
expression (^) are presumably rather complicated non-local functionals. Their influence 
on a low-energy solution results in some “quantum deformation” of the solution. In other 
words, they are responsible for the quantum back-reaction effects. 

We will be considering here only Schwarzschild black holes. Generally, they are non¬ 
extreme black hole geometries characterized by a single dimensional parameter - the 
Schwarzschild radius r+. It is related to the black hole mass Mbh as r+ = 2Mbhlpi- 
Each term in (^) which depends on curvature contributes to the entropy of the hole. The 
Einstein-like term gives rise to the standard Bekenstein-Hawking expression relating the 
entropy with the horizon area. In general, the contribution of other terms ( 
in (^ to the entropy is not easily recovered. However, for a Schwarzschild hole this 
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can be accomplished as follows. The Schwarzschild geometry is characterized by a single 
dimensional parameter r+, and hence one can apply scaling and dimensionality arguments. 
They give rise to the entropy of the Schwarzschild black hole which in the leading (with 
respect to r+) order has the form: 


= TT-^ - Cl ln(—) , 


( 5 ) 


where Ci is the four-dimensional central charge which comes from the integrated AD 
conformal anomaly for the zero-mass helds in the theory (^): / = Ci; is a 

mass scale. For a massless theory with Nq scalars, A^i /2 Majorana fermions, Ni vectors, 
A^ 3/2 spin-3/2 fermions, N 2 gravitons, and Na rank-two antisymmetric tensor helds, the 
coefficient ci reads 0 , [0 


Cl = |^(-iVo - ^iVi/2 + 13iVi + 


233 

“^-^ 3/2 ~ 212iV2 — 91iV^) 


( 6 ) 


where y is the Euler number, for the Schwarzschild black hole it is equal to 2. 

In the microcanonical ensemble the black hole entropy can be calculated as minus 
the action functional considered on the Euclidean black hole instanton. Thus, the clas¬ 
sical Bekenstein-Hawking entropy in (|]) arises from the hrst (low-energy) term in the 
effective action (^) while the series results in some corrections. The non¬ 

local part of the hrst term in the series, Wq, can be interpreted as due to the one-loop 
quantization of the low-energy theory. Its contribution to the entropy is isolated by the 
scaling arguments^. Indeed, considering the quantum part of the ehective action (^) on 
the Schwarzschild black hole instanton, kFo[(y'/^^(r+)], and performing the rescaling we hnd 


»o|9“'’(r+)] = + ( f Ina 

that gives lFo[ 5 '//^(^+)] = D — + const and the second term in (|) (an additive constant 


\ T/j -i — fj, 

is omitted in (|])). 

It should be noted that the form 


is quite universal. It appears in diherent models 


in two 113 , three and four |T^ dimensions. Unfortunately, for a charged black hole 
the scaling arguments are not restrictive enough to recover the form of the entropy since 

ygl,M 


^ The contribution to the entropy of other terms in the series is proportional to (^)^^ ~ ^ “ 


1, 2,... and is omitted in (||). 
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there are more than one dimensional parameter characterizing the geometry (see, however, 

El)- 

A nice thing abont is that it already contains the back-reaction effects if the horizon 
radius r+ is considered as the radius of the “quantum-corrected” black hole. In terms of 
the black hole mass Eq.(|^) read^ 


Sbh = ‘i'liiglsMbhf - Cl \n{lsMbh) 


(7) 


where we have used Ipi = gig and omitted term ~ ln(^^). This is the entropy in the black 
hole phase. The comparison of it with the entropy in the free-string phase shows that 
both quantities Sg and Sbh have similar subleading terms while their leading behavior is 
considerably different: Sg ~ M, Sbh ~ In order to resolve this, Horowitz and Polchin- 
ski proposed the correspondence principle according to which the two expressions (|^) 
and (0) are matched for a single value g = gcr of the string coupling constant. This value 
of the coupling corresponds to the transition from the string description to the black hole 
description. Indeed, as g increases, the string macroscopic state collapses to form a black 
hole. This is signaled by the size of the string becoming of the order of the Schwarzschild 
radius, or more precisely, Ig = This identity defines gcr- Assuming that the mass 

does not change during the transition. Mg = Mbh, we find that the black hole forms at 
the following value of the string coupling 
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2 

cr 





( 8 ) 


For this value of g the entropies (|^) and o are equal if the 4:D and 2D central charges 
are related as ci = 2B. If so, the string-black hole correspondence may have a wider range 
of validity than originally anticipated. 

The relation ci = 2B is not automatically satisfied and is a constraint on the low- 


energy string configuration. As is well known [|I3, the conformal anomaly in four 
dimensions vanishes (ci = 0) for iV = 4, 8 supergravity theories. The non-vanishing 

contribution is possible from sectors which preserve N = 2 space-time supersymmetry . 

Hn general, the relation between the horizon radius and mass M for a “quantum-corrected” black 
hole might be the following: -f InM (see last paper in Ref, [l^ ). This would modify the 

coefficient in front of the log in (^: a ^ ci — ktt. 
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For a heterotic N = 2 vacuum the relevant massless spectrum contains 0: the gravity 
multiplet: the graviton, two gravitinos and a spin-1 Abelian gauge boson (graviphoton) 
(its contribution to the conformal anomaly is Ci = — y)! vector-tensor multiplet: 
the dilaton, the rank-two antisymmetric tensor held, 2 Majorana fermions, and a vector 
boson (the total ci = — the vector multiplet: a gauge boson, 2 Majorana fermions, 
and a complex scalar (ci = |); the hypermultiplet: 4 scalars and 2 Majorana fermions 
(ci = — |). In type-II theories the dilaton resides in the tensor multiplet consisting on 
the antisymmetric tensor, 2 Majorana fermions and 3 scalars (ci = —The members 
of the vector multiplet are in the adjoint representation of the gauge group G. In general 
we have vector multiplets and hypermultiplets. The massless spectrum results in 
the total 4D central charge 


Cl {nv '^h 22) 

0 


for heterotic string theory and 


Cl = -rih- 24) 
0 


for type-II string theory. In order to compare this result to the coefficient in front of the 
subleading term in (^ we should note that in general the degeneracy of the string states is 
a product of the degeneracies coming from the right- and left-moving sectors. Therefore, 
the matching condition for both the type-II and heterotic strings is ci = 11. It is satished 
if numbers of the vector- and hyper-multiplets are related as 


nv — Uh = 88 for heterotic strings 

nv — Uh = 90 for type — II strings (9) 

The compactihcation of the D = It) heterotic string on a six-dimensional manifold x 
leads (see for example |^) to the gauge group G = x Eg x U{iy. This vacuum has 
nv = dim G = 383 vector multiplets. Then Eq.(^ gives nu = 255 for the number of 

N = 2 hypermultiplets. Such an = 2 conhguration (if it is actually realizable) gives us 

Tn four dimensions an antisymmetric tensor is dual to a scalar field (the axion) and thus the vector- 

tensor multiplet is dual to an Abelian vector multiplet. On the other hand, the N = 2 tensor multiplet is 

dual to an = 2 hypermultiplet. The conformal anomaly, however, depends on the field representation 
and differs for the dual multiplets 0- 
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an example when the logarithmic term in the black hole entropy has statistical origin as 
due to the subleading behavior of the number of string states (|^). However, we should note 
that the coefficient Ci in the black hole calculation seems to depend on the compactihcation 
while the coefficient in the string calculation does not. A possible resolution of this is that 
the matching condition gives us a constraint on the compactihcation. On other hand, if 
the coefficients are not matched we still have agreement between two descriptions which 
now happens for the string coupling taking the critical value modihed by the logarithmic 
term: 

9cr = + a\n{lsM)) , (10) 


where a = - 2B). 

It should be noted that in the above consideration we were matching two quantities 
Sg and Sbh which are dehned for essentially different values of g. Indeed, Sg is a free- 
string quantity ((7 = 0), while g is supposed to be non-zero in dehning Sbh- Extrapolating 
Sg to non-zero values of g we get the critical value gcr ~ However, there must 

be an intermediate gravitational phase between the free-string phase and the black hole 
phase, when the string states are already attracting but the black hole is not yet formed. 
This phase is characterized by the appearance of the new scale playing the role of an 
“order parameter”. This is, of course, the Planck scale Ipi = gig. In this phase the string 
interaction can be considered perturbatively that results in a ^f-dependent string entropy 
S'f. It seems reasonable that namely states of the interacting string may form the hole 
and in the critical point (when the string and black hole descriptions coincide) we must 
match the black hole entropy Sbh and the interacting string entropy (instead of the 
free quantity Sg). In principle, the string entropy S'! can possess some non-perturbative 
corrections, behaving as ~ which are hard to reveal. Therefore, in what follows we 
consider the string entropy S'! as a perturbation series with respect to g and discuss its 
matching to Sbh- 

We know that the quantities (0)-(@) are valid for free string, g = 0- When the string 
interaction is turned on there must appear ^f-dependent corrections to these formulas. 
It is reasonable to expect that these corrections are controlled by g'^. Therefore, by 


dimensional arguments [19| we obtain that such a correction to the entropy is determined 
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by the quantity {glgMsY. With this correction included, the expected expression for the 
entropy of the string states forg^O is 


= 27rJ^{hMs) + - 2B In + 47ra{ghM,f) , (11) 


where the value of coefficient a can in principle be determined by a precise calculation. 
The perturbatively interacting string presumably has the same level structure as the free 
string. Therefore, the formula (0) is still valid for g ^ 0. However, the mass formula 
for the excited states gets modified as ^/N = IgMg + a'{glsMsY (a = These 

result in the Eq. (pd^ . For small g we find that ~ \fN — a'g'^N. This agrees with the 
estimation made in |^. The coefficient a in (|^) must be positive to ensure positiveness 
of the entropy for large Mg |^. 

The matching of (n) and (|^) can be done only if 0 < a < 1. This means that for 
large M the black hole entropy Sbh must grow faster than S'! that is sensible in the spirit 
of the second law. The matching condition gives the following critical value for the string 
coupling 

1 1 rF- 

( 12 ) 


* (1 - a) (l.M. 

Equation ( 0 ) indicates that at the matching point the correction term in (^) becomes 
important and can not be neglected. This is especially true if the coefficient a in (|TT|) 
is slightly different than 1 The critical Schwarzschild radius is = 2g‘^j.l‘^M = 

and for a —1 we have that —>■ oo. This means that the case a = 1 is 

special. Indeed, the entropies (0) and (^) can not be matched for any finite g ii a = 1. 
However, in this case the (~ term in Eq.(|^) exactly reproduces the corresponding 
term in the black hole entropy (J^) which can be identified by equation 


Sbh = Si - Si 


=0 


(13) 


valid in the point of the transition. Note that in arbitrary dimension d > 4 the black hole 
entropy behaves as S\^ ~ g'^{lsM)'^. Therefore, only in four dimensions it grows as 

an integer power of the string coupling g that makes the interpretation (^) possible. 

^ Other reason for this is that the derivative > 0 that means validity of the second law in the 
process of collapse of the string states. 






Thus, in this scenario (a = 1) the black hole entropy appears as purely string-loop 
effect due to the self-interaction of the fundamental string. Therefore, it is natural to 
identify the “internal states of black hole” not with states of the free string but with (a 
part of) states of the interacting string, and the black hole entropy arises entirely due to 
the interaction. The total number of the states of the interacting string is bigger ([T3| ) 
than it is required by the black hole entropy. Therefore, not all the string states may 
collapse and form a black hole (otherwise, we would arrive at a situation when the second 
law is violated). Some of them (with the entropy S'f^°) must stay outside the horizon and 
be accessible for an external “observer”. They form gas of massless excitations (waves) 
freely propagating in a black hole. 

It is worth noting that an analogous situation happens when we are trying to calculate 
the quantum held theoretical entropy of a black hole. The quantum entropy arises as a 
sum of a contribution due to the black hole and the entropy of the hot gas of quantum 
helds propagating outside the horizon. The contribution of the gas can be isolated by its 
dependence on the size L of the system (see, for example, |^). To extract the entropy 
of the hole itself one should compare the whole quantum entropy with the entropy of hat 
space hlled by the hot gas. Possibly, the similar line of reasoning can be useful in the case 
under consideration. Then the contribution of hat space is due to the non-interacting 
string states with the entropy 

Our analysis, in principle, does not prohibit the appearance of the higher order terms 
in the expansion ([TTI) . Moreover, these terms are very likely to appear in the regime when 
a ~ 1 and Pcr becomes large. Formally adding term h^glgMY to the string entropy we 
hnd that the matching condition leads to some constraint on mass of the string forming 
black hole. This happens because for sufficiently large mass the interacting string entropy 
(with higher order corrections added) becomes greater than the black hole entropy and 
the two quantities can not be matched. 

In an alternative scenario the string interaction appears in such a way that the higher 
order corrections to O do not arise and the coefficient a never becomes equal to 1 and 
changes in the limits 0 < a < 1 only. All next gf-dependent corrections to the string 
entropy result in a modihcation of the coefficient a in (|Tl|) so that it becomes a function 
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of the string coupling g and runs to 1 when g goes to inhnity (Eq.(|^ is an indication 
of this behavior) Then, all the string states can form a black hole, and the matching of 
the string and black hole entropies always can be done in accord to the correspondence 
principle. At the moment, we do not have arguments in favor of any of these scenarios, 
a>l,a = lorO<a<l, and hope that further investigation will shed light on this 
problem. 

The above analysis of the string-black hole correspondence does not say us where and 
in which form the string states counted by the black hole entropy present in the phase 
of the macroscopic heavy black hole. This is, however, the most important question 
regarding the statistical explanation of the black hole entropy. It is intuitively clear that 
thin (~ gig) layer around the horizon is likely to be a place for storing such states Q. That 
is why the Bekenstein-Hawking entropy relates their number to geometry of the horizon. 
From the analysis presented above follows that the interaction of the fundamental string 
is important for the correct description of the string-black hole transition. Therefore, 
we speculate that in the black hole phase the states in the layer near horizon are some 
bound states due to the strong interaction of the string modes with the horizon. These 
states arise from the modes of the perturbatively interacting string in the string-black hole 
transition. This picture resembles that of given in |^. 
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